Abstract. The main aim of this paper is to develop an e cient aeroelastic tool for predicting the utter speed of a typical section in transonic regime. An implicit meshless method, based on Euler and Navier-Stokes equations, is conducted to simulate the transonic uid ow around an airfoil. This technique is applied directly to the di erential form of the aerodynamic governing equations and the time integration is carried out using a dual-time implicit time discretization scheme. The capabilities of the ow solution method are demonstrated by ow computations around NACA0012 airfoil under di erent ow conditions. For structural dynamics simulation, a typical section model with pitching and plunging motion capability is considered. Finally, the aeroelastic analysis of the 2D model is performed by the consecutive simulation of both structural and aerodynamic domains. Also, the e ect of viscosity and time interval choice between two structural and aerodynamic solvers on utter instability is studied. A comparison between the obtained results and those available in the literature shows the good accuracy of the present method.
Introduction
There is no escaping the fact that aeroelastic stability investigations play an important role in the designing process of an air vehicle. The most performed activities and research in the aeroelastic eld have been determination of critical utter speed. In this regard, nding a suitable and powerful method for solving structural and uid ow elds has always been an attractive subject for researchers [1, 2] . Speci cally, from a uid computational aspect, some well-known analytical models, such as Theodorsen's theory for unsteady subsonic incompressible ow and the piston theory for supersonic applications, are reachable (of course with some limitations) [3] . Moreover, the Computational Fluid Dynamics (CFD) method can be put into use to study the complex phenomena of a uid ow (e.g. ow separation, compressibility, shock, etc.). Using these methods may increase solution complexity and computational e ort, and, thus, solution of an especial case, such as a transonic ow regime, with a suitable tool, is an important challenge in aeroelastic analysis. Transonic aeroelasticity is more complex in comparison with subsonic and supersonic regimes due to the existence of shock waves across the airfoil. In these regimes, the uid ow equations can be used in the linear form, which could be incorporated into aeroelastic equations. However, transonic ow has a nonlinear nature that is not easy to be solved with the same techniques. One way to overcome these di culties is to use numerical methods (CFD) which may be implemented through time-marching schemes.
Finite element or nite volume methods are extensively applied to address the computational aeroelasticity eld problems [4] [5] [6] . However, most of these studies have some restrictions in transonic ow. The rst aeroelastic study in the transonic regime was performed by Edwards et al. [2] . In this paper, a nonlinear time-marching aeroelastic model was solved using Transonic Small Disturbance (TSD). Bendiksen and Kousen achieved the utter boundaries for a NACA 64A010 airfoil using an explicit method based on the convolution integral. They found that the largeamplitude limit cycles could be achieved in unsteady motion [7] . Lee studied the e ect of viscosity using the Finite Volume (FV) method [8] . Kholodar et al. [9] applied a novel Harmonic Balance (HB) technique to solve the utter boundary in the presence of Euler equations. In other work by Thomas et al. [10, 11] , this method was developed for N-S equations to predict utter velocity. The e ect of viscosity on utter velocity in the transonic regime, based on the HB method, was investigated by Schwarz et al. [12] .
Guruswamy [13] attained acceptable results using di erent equations for 2D and 3D geometries, including vertical ow. To capture valid results in these methods, a re ned mesh is required. Indeed, the problem of these methods will be initiated when the complexity of the model and its operational conditions are increased.
Compared to mesh-based methods, mesh-less methods have some advantages. For example, the main problem of Computational Fluid Dynamics (CFD) in mesh-based methods is their di culties in generation of a practical mesh [14] . But, in mesh-less methods, only computational points (instead of elements) are used in the solution process. One of the major disadvantages of all mesh-based methods (especially in aero-elastic analysis) is their di culty in the solution of unsteady ow because of element deformation. This obstacle could be resolved using mesh-less methods, which employ computational points that are easily replaced and moved in comparison with mesh-based algorithms. This privilege can be useful especially in unsteady conditions (because of a large number of time steps in unsteady computations). These advantages encourage the use of mesh-less method in aero-elastic applications. Di erent mesh-less methods have been presented in the literature [15, 16] . A very e cient implicit mesh-less method is applied to solve steady compressible ows by Jahangirian and Hashemi [17] . In that paper, the least square method, based on the Taylor series, was applied to calculate the derivatives. The results indicated that the computational time is decreased by 50% in comparison with the similar Control Volume (CV) method using the same point distribution [18] . In this paper, implicit and explicit methods were developed to solve unsteady stationary ows. The unsteady mesh-less method, based on point replacement, has been provided by Wang et al. [19] and Ortega et al. [20] . In another work, Wang et al. [21] used Delaunay triangle principles to solve unsteady ow. Several mesh-less methods have been applied for uid-solid interaction problems [22] [23] [24] [25] . For instance, Hu et al. [22] applied the Pure Particle Method (PPM) to complex geometries, along with large deformation capability. In another work, a staggered algorithm, based on the mesh-less method, has been extended for uid-structural interaction [23] . However, only a few works have been performed based on the least square method.
The main objective of the present work is to further extend the application of the least square meshless method to aeroelastic moving boundary unsteady problems under transonic ow conditions. At the rst stage, the ability of the ow solution method is demonstrated. It is shown that the convergence rate of this method is higher than the similar Control Volume (CV) method with the same discretization and initial data [18] . In the next step, the ability of the method is shown regarding the solution of unsteady ow. Then, the provided computational aerodynamic model is incorporated into the system of aeroelastic equations of a typical section model to perform aeroelastic analysis. Also, the e ect of viscosity on utter instability is studied.
Computational models 2.1. Aerodynamic model
The uid ow around a moving, two-dimensional airfoil is governed by Navier-Stokes (N-S) equations, which can be written in the di erential form as [17] : @w 
U and V represent the x and y components of relative velocity and are evaluated as: Figure 1 . A sample point and its neighbors.
For a perfect gas, the following equation can be written as:
In this study, for applying the mesh-less method, equations are used in a conservation form. In this method, the di erential form of governing equations is implemented, and a least-square approximation is used to calculate the derivatives [26] . According to Figure 1 , C i is the set of computational points, which are neighbors for point i, and the value of any parameter, , is de ned at the mid-point between two adjacent points [27] . The amount of function ij is assumed to change linearly along line ij. Using Taylor's formula for point i and its neighboring points, the following equation is achieved [17] : @ 
By considering Eq. (5) and using the least-squares method, the derivatives of each parameter can be estimated as follows [26] :
The coe cients in Eq. (7) 
To achieve a semi-discrete form of the Navier-Stokes equations (Eq. (1)) at point i, using Eq. (7), the following equation is obtained [16] : 
In this equation, f ij and g ij are:
By de ning H = aF + bG (which is de ned as ux in the direction of the least square coe cients and is similar to ux which is calculated in the mesh-based methods [17] ) in Eq. 
Due to the use of the central di erence method, 
These dissipation terms are de ned by:
where " (2) and " (4) can be formulated as:
ij ; v ij = jP j P i j jP j + P i j :
The values of constant k 2 and k 4 are in the range 0 < k 2 < 1 and 1 256 < k 4 < 1 32 [28] . Eq. (11) is applied to each node in the computational domain and a set of ordinary di erential equations are obtained as follows [28] : 
An implicit time discretization is applied in Eq. (16), which can be written as [17] :
In this equation, the superscript n+1 is applied for time level (n + 1). For d dt , by using the implicit backward di erence, by considering the order of accuracy of k, the following equation is achieved:
where:
w n+1 = w n+1 w n :
Considering the second order accuracy, the following equation can be obtained: 
To solve the steady-state problem, one can have:
By comparing two equations, we can have R i (w n+1 ) = 0, which can be used to solve Eq. (24) . By considering time marching methods, such as the Runge-Kutta method [23] , the solution can be found. In this research, implicit and explicit CFL numbers are assumed to be 100000 and 5, respectively [17, 28] . To solve Euler and Navier-Stokes equations at a solid boundary, it is assumed that the boundary is re ective and impenetrable [17] , which can lead to the following assumption for a solid boundary:
To achieve a better result, especially in the solid boundary region, the Ghost point method [17] is employed. In this method, some new points are added to improve the accuracy of the mesh-less method in the solid boundary ( Figure 2 ). For the new points, the velocity components are calculated as the following:
For viscous ow; u g = u j 2jV n jn x ; v g = v j 2jV n jn y ;
For inviscid ow:
Also, in the far eld, characteristic analysis based on Riemann invariants are exploited [17] . The points neighbouring stencils inside the boundary layer region and outside this area are shown in Figure 3 .
Structural model
A NACA 0012 airfoil section model with plunging and pitching motion has been considered as a twodimensional test case of the structural model. As shown in Figure 4 , the exibility of each degree of freedom has been shown using two discretized spring models. The structural dynamics equations of motion can be written as follows [3] :
Since the aerodynamic equations are developed in dimensionless form, it is better to use the nondimensional form of the structural equations. Thus, they can be written as [3] 
is de ned as:
Also, ! r can be explained as:
Finally, the above equations, along with the aerodynamic equations, could be incorporated into the framework of aero-elastic analysis.
Solution methodology
To perform aero-elastic analysis, structural and aerodynamic equations are solved sequentially. In this way, the unsteady aerodynamic loads are rstly determined using the mesh-less method for certain free-stream conditions. In the next step, these computed loads are applied to the structural model and they are solved by a transient dynamic analysis. Then, the obtained results, including deformations (structural dynamic response) and induced velocities, are applied to the aerodynamic model in order to update its geometry and boundary conditions for the next unsteady solution. This process continues until the user de ned end condition of the problem is met. In this situation, the solution is repeated until the di erence between the amplitudes of two successive picks of the alpha and displacement response become less than 0.001. For the aerodynamic solver, it is notable that at each time step, the average error should reach the level of less than 0.0001. It must be noted that for transient dynamic analysis, the 4th order Runge-Kutta scheme is used. The owchart of this aeroelastic solution algorithm is shown in Figure 5 . Using the above mentioned methodology, an investigation is carried out about the e ects of di erent parameters using the complete CFDstructural system.
Results
To validate the present method and show its capability for aeroelastic computations, several numerical investigations are carried out which are explained in the following subsections. 
Viscous case
To show the e ect of viscosity and to show the ability of the method in comparison with the control volume, the rst case is considered with ow conditions of Ma = 0:8 and Re = 500. The generated point distribution around the airfoil is shown in Figure 6 , which includes 13233 points in total, 72 points of which are located on the outer boundary and 364 nodes lie on the solid boundary. In this case, both Euler and Navier-Stokes solutions are obtained, and the related results are shown in Figures 7 and 8 , respectively. It is notable that in this case, the amounts of dissipation terms, " (2) and " (4) , are 0.5 and 0.015, respectively.
In these gures, Mach number contours for different angles of attacks are shown. As illustrated, there are considerable di erences between the inviscid and viscous results, which clearly show the viscosity e ect in this problem. Surface pressure distributions in di erent situations are shown in Figure 9 . As is clear, viscous terms play an important role in shock involved problems. To show the ability of the method, the convergence rate and the pressure coe cient distribution of the method at Ma = 0:8 and AOA=2.5 are compared with similar CV methods with the same discretization and the same initial data [18] . Figure 10(a) illustrates that good results are achieved in comparison with the CV method. The convergence history is shown in Figure 10 (b). As is obvious, the mesh-less method has better convergence in comparison with the CV method. The computations are performed on a Dual core PC with 2.00 GHz speed. This bene t can be more helpful in aeroelastic analysis, especially in saving CPU time.
Unsteady case
The next case is chosen to simulate the unsteady ow solution around an oscillating NACA0012 airfoil at Mach number of 0.8. The close-view of the point distribution around the airfoil is shown in Figure 11 . The point cloud contains 6509 points, of which 275 points lie on the solid boundary. The outer boundary is located 10 chords away from the airfoil with 65 points on it. The point distribution is chosen the same as in the rst case. In this case, the periodic pitch angle can be considered as follows:
where m and 0 are equal to 0.00 and 1.0, respectively. ! can be calculated as follows:
In this investigation, k is chosen as 0.1. Figure 12 shows normal force coe cients and pitching moment coe cients for inviscid ow. In this gure, the results are compared with CV numerical results from [18] and the experimental data of the AGARD [29] . As shown, good results are achieved in comparison with other reliable methods. 
Flutter study
The ability of the present method to predict aeroelastic instability is investigated by the utter analysis of a typical section. The structural and geometrical speci cations of the model are listed in Table 1 .
To conduct aeroelastic analysis, rstly, the developed unsteady Euler solver is utilized for uid computations in the coupled uid-structure simulation. The point cloud is considered the same as in the inviscid case. Table 2 shows the obtained utter velocity and utter frequency of this model in comparison with other reference data [30, 31] . It must be noted that the mentioned reference data are obtained using an analytical aerodynamic model (Theodorsen's theory) to capture the utter speed. Also, for the velocity beyond this critical value, for example v = 0:3, some snap shots of the ow eld and structural response are presented in Figures 13 and 14 . These gures reveal that both amplitude responses of the system increase in a rapidly progressive manner. Thus, the aeroelastic system behaves in an unstable fashion.
The other notable point is that by choosing an unsuitable time interval ( t), numerical instability can occur. This can a ect the results and an inappropriate utter speed, which are predicted by the present method [32] . For example, by choosing v = 49 m/sec and two di erent time intervals, as shown in Figure 15 , di erent results are achieved. As is obvious, in Figure 15(a) , by choosing t = 0:000001, the amplitude response of the system increases, while in Figure 15 (b), with the same initial data, and by choosing t = 0:0001, the utter is predicted. These Figure 16 . This gure shows that the present method, based on the Euler equation, has good agreement with Ref. [4] , and con rms the acceptable accuracy of the presented mesh-less method in aeroelastic computations. It must be noted that in Ref. [4] , Euler equations are applied using interpolation techniques, such as kriging and Arti cial Neural Networks (ANN), to predict utter speed in the transonic regime.
For comparing the results of di erent studies, the utter index (V F ) is de ned as: Figure 16 shows that the utter index decreases with increasing the Mach number until critical Mach number. However, after this value, the utter index increases sharply with increasing Mach number. The transonic dip [33] can be seen in this gure, which is because of the compressibility e ects [34] . Also, the obtained results show that considering the viscosity in aeroelastic computations has little e ect on the stability results if the ight Mach number is less than critical. Thus, for this ight condition, the Euler equation can be considered to overcome numerical complexity [9] . For higher Mach number, the N-S curve di erences become large because, in this region, the viscous e ect cannot be neglected. In this zone, the viscosity can replace the position of the shock, which has an important role to play in separation of the boundary layer. Thus, the utter index can be a ected by boundary layer separation [34] . The di erences between the position of separations and shock waves in Euler and N-S equations after Ma = 0.76 creates enormous variations between the two results.
Conclusions
In this paper, a numerical aeroelastic model for a typical section (two-dimensional wing) via a mesh-less model is developed. For utilizing the time-marching technique, a dual-time implicit time discretization scheme was applied and the computational e ciency was enhanced by adopting accelerating techniques. The obtained results showed the validity of the developed solver for the uid ow computations in comparison with available data. In addition, it was found that the time of convergence in this method is better than in the CV method. The ability of the method was shown by simulating the unsteady ow solution around an oscillating NACA0012 airfoil. Also, the capability of the present method to conduct aeroelastic analysis was shown using two di erent test cases in subsonic and compressible regimes (up to transonic regime). The results show the ability and accuracy of the present method to perform transonic aeroelastic analysis. Also, it has been shown that the viscosity e ect can be neglected in transonic aeroelastic analysis when the ight Mach number is less than critical. It was shown that the choice of time interval has a signi cant e ect on the proper prediction of utter speed. Pressure sensor shock at any edges (ij) " (2) Local adaptive coe cients in critical zones " (4) Local 
